
1 INTRODUCTION 

Important progress has been made during the last 
decades in the development of engineering methods 
for the dynamic analysis of the embedded founda-
tions.  

Generally the dynamic analysis of the piles under 
transient lateral loads or combined loads depends 
very much on the pile stiffness and the soil condi-
tions. Different approaches can be adopted in solv-
ing the problem, which can be divided in analytical 
or continuum approach, Novak & Nogami (1977), 
(Novak (1980) etc., Winkler model, Matlock et al. 
(1978), Naggar & Novak (1995), Badoni & Makris 
(1996), Lin et al. (2001), semi-analytical or bound-
ary element methods, Banerjee (1978), Kaynia & 
Kausel (1982), and FEM methods, Blaney et al. 
(1976), Kuhlemeyer (1979) etc.  

The problem can be considered as viscous-
dynamic with material damping included or nonlin-
ear-dynamic depending on the current situation.  

During the operation phase, a structure resting on 
pile foundations and subjected to dynamic vibrations 
with small amplitudes can be analyzed as a viscous-
dynamic problem. However piles under earthquake 
excitations or pile driving analysis, which is associ-
ated with large amplitudes of vibrations and penetra-
tion should be considered as a strongly nonlinear-
dynamic problem, Smith et al. (1982), Randolph & 
Simons (1986), etc.  

A mono-pile windmill foundation during the op-
eration phase, serviceability limit state, could be 
considered in the calculations as a 3D viscous-
dynamic problem.  

For viscoelastic-dynamic problems the analysis 
can be performed in frequency domain for harmonic 
excitation or steady-state analysis, complex fre-
quency response method, or in time domain for tran-
sient excitations.  

For the current dynamic foundation problem a 
more accepted approach is considered the sequence 
of development from one time step to the next or the 
time domain concept. For a strongly nonlinear dy-
namic problem in general only the time domain 
analysis could be appropriate.    

In this paper 3D viscoelastic-dynamic FEM is 
used where the pile and the soil are modeled in one 
dynamic soil-foundation interaction model employ-
ing solid finite elements. Within the FEM modeling 
this approach corresponds to the Direct Method of 
analysis, Wolf (1988), etc. 

2 DESCRIPTION OF THE DYNAMIC MODEL 

2.1 3D axisymmetric formulation 
In many physical problems the situation is such that 
the geometry and the material properties do not vary 
along one or two coordinate directions. This can be 
considered the case of the mono-pile foundation em-
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bedded in layered seabed soil half-space. However 
the load term may exhibit variations. 

In such case a substitute problem is considered 
not involving the particular coordinate and synthe-
sizing the true answer from a series of such simpli-
fied solutions. This is a semi-analytical FEM proc-
ess, Wilson (1965). The analysis is 3D with 3DOF at 
each node, however it is only necessary to discretize 
the problem in a radial plane. So from the geometri-
cal point of view the problem is simplified into 2D 
and from the physical point of view the solution is a 
pseudo-3D derivation. 

2.2 Coupled problem 
In general, as a rigid body a circular foundation has 
six degrees-of–freedoms, (DOF); three displace-
ments and three rotations. Therefore six coupled dif-
ferential equations are required to describe com-
pletely the motion. However symmetry of the 
vibratory system about two horizontal axes exists 
and the problem can be reduced to that of solving a 
lesser number of coupled differential equations, Ul-
rich & Kuhlemeyer (1973). 

Capitalizing on symmetry the problem generally 
reduces to: Uncoupled vertical motion; uncoupled 
tensional motion; coupled rocking and sliding mo-
tion:   

The coupled rocking and sliding motion is of 
great concern in problems such as compressor sta-
tion design, windmill farm design, offshore founda-
tion dynamic and piles under seismic loads. 

Among others (Kuhlemeyer, 1979) and (Smith 
1988) described an axisymmetric FEM model for 
lateral response of floating piles embedded in homo-
geneous half-space. The method involved approxi-
mation of the continuum by a mesh of finite ele-
ments and approximation of the semi-infinite nature 
of the half-space by applying an energy-absorbing 
condition at the outer boundary of the mesh. 

A further development of the model described in 
detail from Kellezi, (1998), and Kellezi (2000), is 
used in the current analysis for layered soil condi-
tions. 

 From the family of isoparametric elements the 
quadratic 8-nodes finite element is considered to be 
the best for modeling wave propagation problems. 
So this element is employed. The corners of the 
element are nodal circles. Each nodal circle has 3 
DOF. Motion in the horizontal r-direction, vertical 
z-direction and circumferential or tangential θ-
direction are permitted.  

Utilizing the orthogonal properties the 3D analy-
sis is reduced to a series of uncoupled 2D analysis.  
This enables the analysis of solids of revolution sub-
jected to non-symmetric dynamic loads, the case, 
which corresponds to the windmill mono-pile foun-
dation.   

The integrals in the radial planes are performed 
using Gaussian quadrature in the usual way. Or-
thogonality relationships between typical terms in 
the tangential direction enable the integrals in the 
third direction to be stated explicitly. 

2.3 Loads Fourier analysis. Model built-up 

The windmill mono-pile foundation is considered to 
be subjected under the design horizontal vibration 
load H = f(t) and the rotation moment M = f(t) as 
given in Figure 1. These loads simulate the dynamic 
effects of wind and water waves at the pile top. 
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Figure 1. Dynamic loads applied at the top of the mono-pile 
windmill foundation. 
 
 

The calculations start by carrying out a spectrum 
analysis or Fourier analysis of both those loads. This 
is very important to define the frequency range of 
the dynamic problem. Fourier spectrums are given in 
Figure 2.  

As expected the same interval of frequencies ap-
plies for H and M with value from (0 - 5) Hz. So the 
dynamic pile-soil system is subjected to rather low 
frequencies of vibrations. From this interval the 
maximum values of the amplification ratios are lo-
cated in the interval  (0 - 0.5) Hz. 

A predominant frequency f = 0.25 Hz or a pre-
dominant period Tp = 4 s is chosen to define the size 
of the FEM model. The design soil material proper-



ties and the data for the pile are given in Table 1. 
From those data the shear wave velocity in the lay-
ered soil varies from cs = (77 - 117) m/s.  

It is a requirement of the method employed, (Di-
rect Method), or of the dynamic FEM for soil-
structure-interaction analysis, related to radiation 
condition satisfied by employing absorbing or 
transmitting boundary conditions, that the dimen-
sions of the model should be at least one wavelength 
of the predominant frequencies. 
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Figure 2. Fourier spectrums of the dynamic loads applied at the 
top of the mono-pile windmill foundation. 
 
 
Table 1.  Geometric and mechanical data for the soil __________________________________________________ 
Soil   Name            Depth           E   γwet   ν      _________________________________________ 
layers        (m)  kN/m2  kN/m3  __________________________________________________ 
Layer 1  Sand     1.0  31800  20    0.3 
Layer 2  Sand     3.5  57100  20    0.3 
Layer 3  Sand     5.5  52534  20    0.3 
Layer 4  Sand     6.5  44100  20    0.3 
Layer 5  Sand     7.0  58200  20    0.3 
Layer 6  Sand     8.5  72170  20    0.3 
Layer 7  Sand     10.0  52950  20    0.3 
Layer 8  Sand     11.5  35400  20    0.3 
Layer 9  Sand     12.5  23530  20    0.3 
Layer 10 Sand     13.5  13600  20    0.3 
Layer 11 Organic sand  20.0  3135   17    0.3 
Layer 12 Organic sand  21.04 12950  17    0,3 
Layer 13 Sand     418  36800  20    0.3 
 

Based on these calculations the FEM model is 
built up with the dimensions (410 x 418) m as given 
in Figure 3.  

For a harmonic analysis the size of the wave-
length is completely defined and eight 8-nodes 
isoparametric quadrilateral finite elements are suffi-
cient to cover it. However in a transient analysis 
there are many different frequencies in the model. 
To capture also higher frequencies, maximum 5Hz, 
35 finite elements are used in the r-direction and 30 
finite elements are used in the z-direction. 

For this interval of frequencies the mono-pile 
structure is a small element in the big dynamic 
model. The pile is also modeled with solid finite 
elements and the material properties are derived in 
Table 2. 
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Figure 3. 3D axisymmetric dynamic FEM model 
 
 

The symmetry conditions are used, so half of the 
slice is considered. The coordinate (0,0) or quote 0 
m corresponds to the seabed level or pile top. The 
coordinate (22,0) corresponds to the pile tip, which 
means that a 22 m long steel tube pile of diameter 4 
m is considered in this analysis.  

The dynamic loads applied in the FEM model are   
calculated based on the model formulation. In such a 
case a radial load amplitude on the first harmonic, in 
symmetry results in a net thrust in the 0° direction of 
π. Thus the horizontal load amplitude H applied at 
the top of the pile in the model equals H / π.  

The rotation moment is applied as a vertical load 
in the z-direction at the perimeter of the pile with 
value M / (R * π) where R = 2 m is the pile radius.  

These loads given in Figure 4 are applied in the 
model for about 200 s starting from 0 s as this inter-
val includes the maximum amplitudes for both loads 
appeared during 600 s time histories, (Fig. 1). 
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Figure 4. Model dynamic loads applied at the top of the mono-
pile windmill foundation 

2.4 Absorbing boundary conditions 

In the Direct Method of analyzing dynamic soil-
structure-interaction problems the FEM model is 
terminated  ‘kindly’ by the absorbing or transmitting 
boundary conditions which coincides with the so-
called ‘interaction horizon’. This boundary condition 
formulated with a finite number of DOF must simu-
late the unbounded soil domain. 

The rigorous boundary is global both in time and 
space. This non-local boundary condition is de-
scribed through differential and integral operators 
with respect to space and time. As this is computa-
tionally very expensive different local schemes are 
developed during the years.  

These ‘mechanical devices’ are formulated using 
only differential operators with respect to space and 
time. A state of the art of different schemes is given 
in detail from Kellezi (1998). As main characteristic 
of these formulations is that they are independent of 
the frequency of excitations. This advantage makes 
them applicable for time domain transient analysis, 
which corresponds to the current situation. 

The new formulation given from Kellezi (2000) 
is used in the current analysis. The boundary condi-
tions are designed to handle different types of waves 
at different incidences encountered in halfspace or 
layered soil conditions. They are accurate for low 
and high level of vibration frequencies. 

The boundary finite elements are 3-noded line 
elements with 3DOF per node. There are in total 65 
boundary finite elements in the numerical model.  

The elements at the side differ from the ones at 
the bottom as they are supposed to absorb Rayleigh 
or Stonely waves. The bottom elements are designed 
to absorb body waves, P-waves and S-waves. From 
the mechanical point of view these elements simu-
late springs and dashpots to take into account far 
field stiffness and radiation damping. 

2.5 Material damping inclusion 
The 3D FEM model uses an implicit time integration 
scheme. The stiffness of the system is composed of 
the pile and layered soil stiffness plus that from the 
far field simulated from the boundary finite ele-
ments. 

The mass matrix used to simulate inertial forces 
is chosen to be a lumped mass formulation, which 
for the finite element type chosen gives better be-
havior than a consistent mass formulation.  

The damping matrix consists of the material 
damping from the pile and the layered soil or near 
field damping, and the far field damping simulated 
from the boundary finite elements. 

In the context of solid mechanics, in addition to 
elastic and inertial forces, solids in motion experi-
ence a third type of force whose action is to dissipate 
energy. They may deform reaching plastic strains or 
may be subjected to internal or external friction.  

Although these phenomena are nonlinear in char-
acter it is most common to linearize the dissipative 
forces by assuming that they are proportional to the 
velocity. A Rayleigh damping type is implemented 
in the FEM model with a value 5% constant for all 
the layers. 

3 CALCULATIONS AND RESULTS 

The calculation is based on a displacement formula-
tion model. From preliminary analysis drained soil 
conditions give larger deformations than undrained 
conditions. For this reason a coupled pore-pressure-
displacement formulation is unnecessary. 

The calculations start directly with the embedded 
pile and the layered soil. The weight of the windmill 
superstructure is neglected. 

The pile is modeled as a solid material with dif-
ferent parameters along the height because of the 
tube thickness variation. These parameters are calcu-
lated making sure that the modeled pile has the same 
rigidity as the real pile. The pile is also considered 
completely filled with soil of the same profile as out 
of the pile therefore the weight derives based on an 
equivalent calculated unit weight γeq which also var-
ies along the height taking into account a composite 
material made of steel and soil. These data are given 
in Table 2. 
 
 



 
Table 2.  Geometric and mechanical data for the pile __________________________________________________ 
Pile          Depth           E   γeq    ν      _________________________________________ 
sections        (m)  kN/m2  kN/m3  __________________________________________________ 
Section 1   1.4  2.02E7  22.95   0.3 
Section 2   9.1  2.18E7  23.17   0.3 
Section 3   12.4  2.02E7  22.94   0.3 
Section 4   14.7  1.63E7  19.47   0.3 
Section 5   22.0  1.23E7  20.31   0.3 
 

The soil is approximated into a 13-layered model 
with parameters given in Table 1. These parameters 
are derived from the CPT (cone penetration test) 
data. A soft layer is located at a certain depth. The 
soil is considered homogeneous below 22 m depth. 

The initial conditions are ignored as not impor-
tant for the current dynamic system, however the 
soil saturation is taken into account using a γwet. The 
horizontal load and vertical load as given in Figure 4 
are applied in discretized numerical form for time 
duration of 200 s. 

During the implicit integration a time step equal 
to ∆t = 0.05 s is used to be compatible with the input 
load time history. This seems to give good behavior 
considering also the fact that wavelength in the pile 
and the soil differs a lot. 

This value is much smaller than Tp / 20 recom-
mended in the literature as the highest value and ful-
fils the condition ∆t = ∆x / cs where ∆x is the mini-
mum finite element dimension. 

During the calculations it is possible to see the 
waves distributing in the model. Before 4 s the de-
formations or the velocities of the boundary nodes 
are almost zero. After this time interval deforma-
tions or velocities increase as the waves are continu-
ing their way towards the far field. For 200 s time of 
applying loads the boundary has absorbed almost all 
the energy supposed to be transmitted in the far 
field.  

When stress free boundary conditions or fixed 
boundary conditions were implemented, after almost 
10 s the solution for the pile dynamic is spoiled and 
for 200 s no results could be derived. The reason for 
that is that the waves reaching the boundary after 
almost 4 s will return back in the model changing 
the dynamic of the pile-soil system. 
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Figure 5. Horizontal deformation at the top of the mono-pile.. 
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Figure 6. Horizontal velocity at the top of the mono-pile. 
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Figure 7. Horizontal acceleration at the top of the mono-pile. 
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Figure 8. Rotation angle at the top of the mono-pile. 

 
 

The results from the numerical calculations are 
given in Figure 5, 6, 7 and 8 where the time histories 
for the horizontal deformation, velocity, acceleration 
and rotation angle are given at the pile top. 

Calculations considering homogeneous halfspace 
were carried out first and then the layered soil condi-
tion were implemented. Calculations were carried 
out in a Linux Pentium 2 machine. 

A maximum pile top horizontal deformation of 
6.7 mm is noted from this viscoelastic-dynamic cal-
culation with a maximum horizontal velocity about 9 
mm/s and maximum horizontal acceleration 65 



mm/s2. The rotation angle seems to be very small 
and is given also in Figure 8. 

As it was mentioned in section 1, considering the 
size of the vibration amplitudes, the model does not 
take into account elastic-plastic behavior of the soil 
and interface effects, as small amplitudes are pre-
dominant.  

A more detailed 3D nonlinear dynamic analysis 
using Winkler dynamic model, p-y curves, or a 
complete nonlinear-dynamic model as the one used 
here, (Direct Method) is expected to be carried out 
in the future. 

Another application of the 3D model used in this 
work is also given at Takemiya & Kellezi (1998).   

4 CONCLUSIONS 

A three-dimensional (3D) axisymmetric dynamic fi-
nite element modeling (FEM) of a windmill mono-
pile foundation in the North Sea is carried out in 
time domain. As drained soil conditions give maxi-
mum deformations a displacement formulation is 
considered sufficient. In this model the pile and the 
layered soil around it are considered in a complete 
dynamic soil-structure-interaction formulation.  

The calculations are carried out for design tran-
sient horizontal load and rotation moment given as 
time history functions. The weight of the superstruc-
ture is neglected. The 3D numerical, semi-analytical 
model that was utilized to solve the problem is de-
scribed.  

The 4 m diameter and 22 m long steel tube pile 
and the soil conditions derived from CPT are used in 
the calculations. 

First a Fourier analysis of the given design loads 
is carried out which gives a frequency spectrum, 
which varies from (0 - 5) Hz. A predominant fre-
quency fp = 0.25 Hz or a predominant period Tp  = 4s 
is chosen and based on that and the shear wave ve-
locity of the layered soil the dynamic FEM model is 
constructed. 

 Radiation damping is modeled employing ab-
sorbing boundary conditions, which are accurate for 
low and high frequency of vibrations, and some non-
linear behavior of the soil is taken into account in-
cluding 5% material damping. 

The maximum amplitude for the horizontal de-
formation at the pile top is evaluated to be 6.7 mm, 
maximum velocity 9 mm/s and maximum accelera-
tion 65 mm/s2 during 200 s dynamic vibrations from 
the applied design dynamic loads.  
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